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Abstract
Using Seifert fibered three-manifold examples of Boileau and Zieschang, we demonstrate
that the Reshetikhin-Turaev quantum invariants may be used to provide a sharp lower
bound on the Heegaard genus which is strictly larger than the rank of the fundamental
group.
1 Introduction
For a closed orientable, connected three-manifold M , the Heegaard genus g(M) is defined to be
the smallest integer so that M has a Heegaard splitting of that genus. Classically studied, the
Heegaard genus is notoriously difficult to compute. However, in [4] Garoufalidis showed that
the Reshetikhin-Turaev quantum invariants provide lower bounds on g(M). Though the quan-
tum invariants may be computationally expensive, they allow an algorithmic and combinatorial
approach to studying the Heegaard genus.
In this paper, we investigate one version of the Reshetikhin-Turaev quantum invariant which
corresponds to the gauge group SO(3). We show that under appropriate assumptions and
choices, the calculations for the SO(3) quantum invariants may be simplified. Further, we give
examples where the bounds to g(M) are sharp.
For a group G, let its rank r(G) be the minimal number of elements required to generate G.
The rank of the fundamental group of a three-manifold r(pi1M) is also a lower bound on g(M).
By studying examples which first appeared in the work of Boileau and Zieschang ([3]), we show
that the SO(3) quantum invariants may be used to provide a lower bound on g(M) which is
strictly larger than r(pi1M).
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2 Garoufalidis’ lower bounds on Heegaard genus
We begin by a brief review of the definition of the SO(3)-quantum invariant for M . In this
paper, we follow the exposition of Lickorish in [10] and of Turaev in [14], although the notation
is changed slightly.
Definition 1. Let M be an oriented three-manifold and let A be a complex number. The skein
space S(M) is the complex vector space generated by all possible framed links and arcs in M ,
subject to the following Kauffman bracket relations:
i Isotopy of framed links
ii = (A2 − A−2)
iii = A +A−1 .
The pictured diagrams are meant to describe a small ball near the framed link, outside of
which the framed link is kept unchanged. For example, it is easy to see that S(S3) ∼= C. Also,
S(S1 ×D2) can be generated by the infinite set B =
{
, , , , . . .
}
.
For a manifold M , choose a framed link L in S3 so that surgery along L produces M . Work
of Dehn and Lickorish [9] guarantees such a link exists, and Kirby in [6] further shows that any
such link is unique up to link isotopy and the two Kirby moves. As constructed by Lickorish
[10] and Turaev [14], the SO(3) quantum invariant for M is obtained when each component of
L is replaced by the element Ω ∈ S(S1 ×D2). This element is carefully chosen so that, under
a suitable normalization, the resulting skein will be invariant under Kirby moves on L. We
describe Ω subsequently.
To define the SO(3) quantum invariants, we require A to be a 2rth or 4rth primitive root
of unity for some odd integer r ≥ 3. Then S(S1 ×D2) becomes an r-dimensional vector space,
and there exists an alternative basis for S(S1 ×D2) coming from Jones-Wenzl idempotents for
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the group SU(2). We will denote the k-th basis element by a open box labeled by k, drawn
as follows: Sk =
k
, with k = 0, 1, . . . , r − 1. The SO(3) quantum theory derives from
consideration of the subspace generated by the evenly labelled Jones-Wenzl idempotents.
Let Ω be defined as follows, using only those Jones-Wenzl idempotents with even labels:
7
= µ
r−3∑
k=0
even
∆k
k
,
where µ2 = (A
2−A−2)2
−r and ∆k =
(−1)k (A2(k+1)−A−2(k+1))
A2−A−2 . Let 〈Ω, . . . ,Ω〉L denote the skein in
S3 obtained by replacing each component of the link L ⊂ S3 by the skein element Ω. Since
S(S3) ∼= C, we can reduce 〈Ω, . . . ,Ω〉L to a complex number dependent on A.
Theorem 1. ([7], [2], [10]) Let r ≥ 3 be an integer, and A be a 2rth or 4rth primitive root of
unity. Let M be the closed three-manifold which results from surgery along a framed link L ⊆ S3,
and let σ(L) denote the signature of the linking matrix for L. Also let U− denote the unlink
with framing −1 in S3. Then
IA(M) = 〈Ω, . . . ,Ω〉L
(〈Ω〉U−)σ(L)
is an invariant of the three-manifold M .
Theorem 1 appeared in various papers, notably ones by Kirby and Melvin [7] and Blanchet
[2]. The version we state here is presented by Lickorish in [10] and is referred to there as the
“invariant with zero spin structure”. In Turaev’s book [14], it is the “SO(3) quantum invariant”.
The SO(3) quantum invariant enjoys many properties; for instance, it behaves well under
reversal of orientation and under connect sum. That is,
IA(M) = IA(M)
IA(M1#M2) = IA(M1)#IA(M2)
for three-manifolds M,M1,M2.
Further, for particular choices of A, it can be shown that IA(M) is related to the Heegaard
genus, g(M). The proof may be found in [4] and also [14].
Theorem 2 ([4], [14]). Let r ≥ 3 and A = e±2pii/4r or ie±2pii/4r. Then |IA(M)| ≤ µ−g(M).
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Recall that µ2 = (A
2−A−2)2
−r . When A = e
±2pii/4r or ie±2pii/4r, note that then 0 < µ =
2√
r
sin(pi
r
) < 1. Define
qA(M) = log(|IA(M)|)/ log(µ)
so that qA(M) ≤ g(M). In other words, the SO(3) quantum invariant provides a lower bound
on Heegaard genus.
3 Changing the framing number by r
We present some methods for simplifying the computation of the SO(3) quantum invariants in
some special cases. In particular, it is possible for two non-homeomorphic manifolds to have
SO(3) quantum invariants with the same value.
Theorem 3. Let r ≥ 5 be prime and A be a 2rth or 4rth primitive root of unity. Let L be a
link in S3 with two distinct framings, f and f ′. Surgery along L using the framings f and f ′
will result in two manifolds, which we call M and M ′ respectively. Suppose that the framings f
and f ′ are congruent modulo r on each component of L. Then
|IA(M)| = |IA(M ′)|
Proof: The proof follows from two lemmas about Ω.
Lemma 1. The skein element Ω ∈ S(S1 ×D2) does not change when any multiple of r twists
are added to it.
7r times =
7
Proof: This is an application of the following well-known fact about adding a twist to a
Jones-Wenzl idempotent:
= (−1)kAk2+2k k
By definition Ω involves only labels k which are even. Also A4r = 1 by assumption. Thus we
have that
(
(−1)kAk2+2k
)r
= 1, and the result follows.
The next lemma can be found in Lickorish, [10], or an article by Blanchet, [2]. The proof
relies on calculation and standard facts about Gauss sums. For details, see [16].
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Lemma 2.
〈Ω〉U− = µ
−A3
(∑r−1
k=0A
−4k2 − (1/2)∑4r−1k=0 A−k2)
(A2 − A−2) .
In particular, |〈Ω〉U− | = 1.
To finish the proof of Theorem 3, recall that a difference in framing numbers can be accounted
for by introducing a corresponding number of twists into a diagram. In particular, in the black-
board framing, the framing f ′ can be obtained from f by inserting r twists, possibly more than
once, to each link component. Although this changes the signature of the framed link, Lemma 2
ensures that this will not affect the value of the quantum invariant upon taking aboslute value. 
Notice that Theorem 3 is true only at the specified level r. Examples of pairs of manifolds
with all values of the SO(3) invariants identical for all choices of level r can be found in [11]
and [5].
We next recall a fact from number theory: any rational number p/q ∈ Q has a continued
fraction decomposition, where
p
q
= x0 −
1
x1 −
1
· · · − 1
xn
.
We will denote this by p/q = [x0, x1, . . . , xn]. We will say that two fractions p/q and p
′/q′ have
entries in their continued fraction decompositions equal modulo r if p/q = [x0, x1, x2, . . . , xm]
and p′/q′ = [x0 + ra0, x1 + ra1, x2 + ra2, . . . , xm + ram].
Related by a series of Kirby moves, the following two surgery descriptions
p/q and
1
2
3 
n-1
   n
0X
X
X
X
X
X
yield the same manifold ([13]). This allows us to convert a rational (p/q)-surgery along a knot
into the language of surgery along a framed link, thus facilitating computation of the SO(3)
quantum invariants.
Let L be a link with ` components in a three-manifold M . Denote the manifold obtained
by (pi/qi)-surgery along the ith component of L (1 ≤ i ≤ `) by M{pi/qi}. Theorem 3 has the
following corollary.
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Corollary 1. Let r ≥ 5 be prime and A be a 2rth or 4rth primitive root of unity. Let L be a link
in a three-manifold M . If pi/qi and p
′
i/q
′
i have entries in their continued fraction decomposition
equal modulo r, then
|IA(M{pi/qi})| = |IA(M{p′/q′})|
4 Boileau-Zieschang examples
In this section, we focus on a particular set of three-manifolds. Let M be the manifold which
corresponds to the surgery presentation given by L below:
L =
0
2 p/q22
where p/q haas every other entry iin its continued fraction decomposition divisible by r, i.e.
p/q = [rx0, x1, rx2, x3, . . . , x2n−1, rx2n] for odd r ≥ 5 and integers xi.
As defined here, M is in fact a Seifert-fibered manifold and its Heegaard genus was first
computed by Boileau and Zieschang in [3]. Such M are of especial interest because 2 = r(pi1M)
and g(M) = 3. For the specific values of p/q chosen, we simplify the computation for the
absolute value of the SO(3) quantum invariants by use of results in the previous section. We
then compute that 2 < qA(M), and so Garoufalidis’ theorem implies that also 2 < g(M). Thus
viewed another way, we show that the quantum lower bound for Heegaard genus can be strictly
larger than that provided by the rank of the fundamental group.
Theorem 4. Let r ≥ 5 be prime and A be a 2rth or 4rth primitive root of unity . Let M
be the manifold corresponding to surgery using the indicated coefficients along the link L in S3
described at the beginning of this section. Suppose that p/q = [rx0, x1, rx2, x3, . . . , x2n−1, rx2n]
for some integers x−1, . . . , x2n. Then
|IA(M)| = |IA(RP 3#RP 3#RP 3)|.
In particular, µ−2 < |IA(M)| when A = e±2pii/4r or ie±2pii/4r.
Proof: Let U++ denote the the unlink with framing number 2 in S
3. (In the blackboard
framing, this would be drawn as an unlink with two positive twists.) Surgery along U++ gives
RP 3, and by Lemma 2, upon passing to absolute values we have |IA(RP 3)| = |〈Ω〉U++ |.
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Because p/q = [rx0, x1, rx2, x3, . . . , x2n−1, rx2n], the SO(3) invariant does not change abso-
lute value when we replace the surgery label p/q by 0 = [0, x1, 0, x3, . . . , x2n−1, 0] according to
Corollary 1. Using Kirby moves, such a surgery picture is equivalent to the disjoint union of
three copies of U++. Recall that if in a framed link, one component is an unknot with fram-
ing zero wich links only one other component geometrically once, then these two components
may be deleted from the surgery picture without affecting any of the other remaining framed
components. Thus |IA(M)| = |IA(RP 3#RP 3#RP 3)| = |IA(RP 3)|3.
The next lemma again follows from calculation using properties of the Jones-Wenzl idempo-
tents. We omit the proof and again refer to [16] for the explicit computation.
Lemma 3. 〈Ω〉U++ = µ
(A−4 − A2(r−1))∑r−1k=0A8k2
(A2 − A−2)2 .
Assume that A = cos( pi
2r
) + i sin( pi
2r
) or i cos( pi
2r
)− sin( pi
2r
).
Note that µ2 = (A
2−A−2)2
−r =
4 sin2(pi/r)
−r in both cases. Also,
∑r−1
k=0A
8k2 = ir(r−1)/2
√
r from a
standard result about Gauss sums, see for example [1]. It then follows that
|IA(RP 3)| = |〈Ω〉U++| =
cos( pi
2r
)
sin(pi
r
)
.
When r ≥ 5, a quick calculus argument confirms
µ−2 =
r
4 sin2(pi
r
)
<
(
cos( pi
2r
)
sin(pi
r
)
)3
= |〈Ω〉U++|3.

Corollary 2. Let M be the manifold corresponding to surgery using the indicated coefficients
along the link L pictured above in Theorem 4. Let r ≥ 5 be odd, and let A = e±2pii/4r or ie±2pii/4r.
Suppose also that p/q = [rx0, x1, rx2, x3, . . . , x2n−1, rx2n] for some integers x−1, . . . , x2n. Then
2 < qA(M) ≤ g(M).
Proof: This follows directly from Theorem 4 and the definition of qA(M), the lower bound
on Heegaard genus provided by Garoufalidis’ Theorem. 
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